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A B S T R A C T :  An e x a c t  a n a l y t i e s o h t i o n h a s  been  g iven  [1] for  the  shap-  

ing of a f l a t  b e a m  wi th  a n o n m o n o t o n i c  p o t e n t i a l  v a r i a t i o n  a t  the 

b o u n d a r y .  It has  b e e n  shown tha t  cons t ruc t ion  of a p e r i o d i c  focus ing  

sys tem a m o u n t s  to c a l c u l a t i o n  of the  equ ipo t en t i a l s  in a par t  w i th  a 

p o t e n t i a l  d is t r ibut ion  s y m m e t r i c  abou t  the  c e n t e r  and to coup l ing  of 

two such e l e m e n t s  v i a  su f f i c i en t ly  t h i ck  sc reen ing  gr ids  whose c h a r g e  

densi ty  va r i e s  in a de f in i t e  w a y .  Here  I de r ive  a s i m p l e  a n a l y t i c  solu-  

t ion for  the  shap ing  of a b e a m  of e l l i p t i c a l  cross sec t ion  b y  a p p r o x i -  

m a t i n g  the  p o t e n t i a l  at  the  b o u n d a r y  v ia  a q u a d r a t i c  p a r a b o l a  [ 2 ] .  

The  resul t  for  h igh  e c c e n t r i c i t y  m a y  serve as a m o d e l  for e d g e  ef fec ts  

in f la t  b e a m s  of  f in i t e  wid th .  

We use the e l l i p t i c a l  c y l i n d r i c a l  c o o r d i n a t e s  ~, N, z of Fig.  1, 
w h i c h  are r e l a t e d  to the  C a r t e s i a n  coord ina t e s  x ,  y ,  z by 

�9 . - -a  V B - - l s h ~ s i n %  y : a  ] / ~ , 8 - - 1 e h ~ c o s ~  , 

(1) 
= z  Z ,  

Let go -< g < ~o, 0 <_< 77 _< 2~r b e  the L a p l a c e  r eg ion  of the  b o u n d a r y  

el l ipse g = go, ~ = (b/a) a whose s e m i m i n o r  axis  is a .  T h e  p r o b l e m  is to 

solve 

Use of (8) g ives  

( s = t )  ( p . = _ r / 2 % % %  

(s = 2) % = - -  ~/~ "h%" ,  

(.,' = 3) 9~ = - -  ~/~= ( - -  *h %" + >-,) 9 F ,  

( s : 4 )  % = - - ~ h o ' r a % " ,  

(,,, = 5) % = _ % ~  ( , &  ~ v  + ~,) %,,, 

( s = 6 )  % = - - r / 4 = T ~ % " ,  

(s = 7~ ms = -- ~I~o (-- VT~o'r~ v 4- r~) %% 

(s = 8) % = -- ~I~- "r~%". 
In g e n e r a l ,  it is r e a d i l y  seen tha t  

"r~k_ I 2 ~k-I 

q%+* -- - -2k  (2k + i )  %" = - -  ~ V ~  %", 

(~ = ~, 2 . . . .  ) ,  

% k  = - - ( 2 ~ 2 t ) . 2 k  ( - -  t )  ~ - ~ -  ( 2 k - -  2)! + T~:_~ 90" = 

(9) 

0~r ~ q- ~.2r + a = (~--1)  • 

• (sh 2 ~ + sin ~ ~]) a2q/Oz ~ : 0, (2) 

which  sat isf ies the  fo l lowing  cond i t ions  at  the b o u n d a r y  g = g0: 

(p = 90 (z) = m + (1--el) ,  

( z t o - - l ) ~ = ~ + ( ~ - a )  Z L  

8~p / 8~ : 9i = I!. (3) 

Here a is the m i n i m u m  p o t e n t i a l  c~ _< ~ ~ 1 in the r ange  0 _< z -< 

-< 2o, o = (1 + 2a  */a) (1 - ~) l /a .  Dimens ion less  v a r i a b l e s  [1]  wi l l  be  

used to f ind the  solut ion as a series in (g - go) wi th  coe f f i c i en t s  de -  

penden t  on ~ and z:  

(P : ek  (~--~0) ~ (k = 0 , t , . . . ) ,  (4) 

for which  purpose the express ion before  8 s ~ / ~ z  a in (2) is put  in a n a l o -  

gous form : 

a 2 ( ~ - - I )  (sh = ~ + sin ~ ~]) = Yh" (~--{o)/~ (k = O, l , . . . ) .  (8) 

We ge t  for the Yk tha t  

yo : yo 01) : a 2 (~ - - t )  (sh ~ $0 + sin ~" ~1), 

2 ~ -  - . 
72~;-i = ae ( ~ - -  i) sh 2~0(2k__ t)  ] e . n s t ,  

oStg--1 

Tzk :-- a 2 ( 3 - -  I) r 2~o~ = cons t ,  

(~ = ~, 2 , . . . ) .  (6) 

Since  t anh  = go = 1 /8 ,  we  ge t  the  fine1 fo rmulas  

% = aet i  (~) = a/,,_ a~ [(~ ~- 1) q (.8 - -  ~) cos2~l],  

2~k-I 2~-i 

7 ~ j ; _ i = a ~ - 1 ~  ( 2 k - - i ) ! '  % ~ = a ~ - ( ~  - ~ )  (2~)! " (7) 

Subst i tu t ion of (4) and  (8) into (2) g ives  us r ecu r ren t  re la t ions  for  

the ~'R: 

.~ (,, + ~) 9.,~ + (%-~)<'  + ~ % (%->~ ) , "  = 0 
k=O 

(,~ = l ,  B . . . .  ) .  ( 8 )  

~2k-g 
= - -  (2k)! r0 01) % "  (~ = 2 ,3 , . . . ) .  (io) 

We subst i tute  (3) and  (10) into (4) and sum the  series to ge t  the 

fo l lowing  expression for  the p o t e n t i a l  in the region  ex te r io r  to the 

b e a m :  

(p = (z + (I--r162 Z 2 -- 1'e a 2 o -= (l--a) { V~(sh 2E --2E)-[ 

+ [(~ + t )  - -  ([3--t) cos 2~]] (ch 2-~ --1)].,  E = ~ - -  ~0. (11) 

We use the s e m i m i n o r  axis  o f  the  e l l ipse  as the  c h a r a c t e r i s t i c  l in -  

ear  d imens ion  in the p l ane  of g and /). W i t h ~  = H(~) = a  = 1, ( i i )  de-  

f ines the p o t e n t i a l  for a c y l i n d r i c a l  b e a m ,  R = 1: 

9 ~ ~ + (I--~ Z2 -- I/2 0 ~ (i--a) (B2--21n B -- I). (!2) 

This is a fur ther  fo rm of a p p r o x i m a t e  a n a l y t i c  so lu t ion ,  wh ich  di f -  

fers f rom one prev ious ly  cons ide red  [ 3 ] .  Figures 9 and  3 g ive  curves  

der ived  f rom in te r sec t ion  of the surfaces  r = eonst ,  

i (~ . - -a  _ _ | 1  - 
: "~1 - -  ~ -i- ~ h } / ~ ( s h  ' - 'a  - - 2 S )  -> 

- -  l{  (~)  (ch " :  1 (  ]l% (13} _ _ - -  , j ]  , 

with the half-planes r = const for various values of a and ,3. In con- 

structing these curves i t  is c o n v e n i e n t  to use fo rmulas  r e l a t ing  g and 

to the  po la r  coo rd ina t e s  R and 9: 

z = 'Ix In ( ~ = l)  -~ {m '  + 

+ 1 / T R  (cos ~ [ V- ,>  - 2 (3 - l )  1~ e,,s e ~  = �9 - ~)~ + 

-w 17'-' cos 2t t' - -  (3 - -  1)] V'~ s sin ~ X 

• [ Y B~ - z (~ - -  J)/~= cos 2 9  q- (3 - -  l)'-' - -  Re cos 2xp + 

-:- (3 - -  1)1' :) -i- V " l ~  - -  2 (3 - -  1) m'  cos  2 ~  7 (8 - -  1)-'}, 

tg  ,3 - -  { I / T I ~  sin 9 ~- 

- R:e,~.~2, + <3--l>I'.'~:} { <-' R eo~,--:- 
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§ [ l /  R~ - -  2 (a - -  I) R2 cos 2~ ~- (~ - -  l)~ + 

+ R ~ c o s 2 9 - - ( ~ -  t)1", }-1, 

and also the equa t ion  of the boundary e l l ipse  in these coordinates:  

. % - ~  ] / ' ~ - [ t  + (B-- l )  sin z ~]-"'~. 

The curves from r ight  to le f t  correspond to ~o = 1, 0.9, 0.8, and 

then with a step of 0.2. The solid l ines in Fig. 3 are for 8 = 100, whi le  

the dashed ones are for 8 = 900. The di f ference  be tween these two 

f a m i l i e s  of equ ipo ten t i a l  surfaces is smal l  for ~ = 30 ~ whi le  i t  is v i r -  
t ua l ly  zero for ~0 of 60 and 90 ~ 

Figure 4 shows surfaces of rotat ion ~0 = const c a l c u l a t e d  from (12). 

The screening grids must  have  a two-d imens iona l  po ten t i a l  distr ibu- 

t ion for an e l l i p t i c a l  beam; the dependence  ~(R, ~0) is eas i ly  deduced 
from Figs. 2 and 3. 

It is to be expec ted  tha t  the dev ia t ion  of (1 i )  from the exac t  solu- 

t ion wi l l  be of the same order as in the p lanar  case [1] ,  e spec i a l l y  

where the curvature  of the boundary is smal l .  
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